Convergence theorems for approximation of common fixed points of a finite family of asymptotically pseudocontractive mappings are proved in Banach spaces using an averaging implicit iteration process.
Introduction
Let E be a real Banach space and let J denote the normalized duality mapping from E into 2 E * given by J(x) = { f ∈ E * : x, f = x 2 = f 2 }, where E * denotes the dual space of E and ·, · denotes the generalized duality pairing. If E * is strictly convex, then J is single-valued. In the sequel, we will denote the single-valued duality mapping by j.
Let K be a nonempty subset of E. A mapping T : K → K is said to be asymptotically pseudocontractive (see, e.g., [3] ) if there exists a sequence {a n } ∞ n=1 ⊆ [1,∞) such that lim n→∞ a n = 1 and T n x − T n y, j(x − y) ≤ a n x − y 2 , ∀n ≥ 1, (
for all x, y ∈ K, j(x − y) ∈ J(x − y). In Hilbert spaces H, a self-mapping T of a nonempty subset K of H is asymptotically pseudocontractive if it satisfies the simpler inequality T n x − T n y 2 ≤ a n x − y 2 + x − y − T n x − T n y 2 , ∀n ≥ 1 (1.2) for all x, y ∈ K and for some sequence {a n } ∞ n=1 ⊆ [1,∞) such that lim n→∞ a n = 1. The class of asymptotically pseudocontractive mappings contains the important class of asymptotically nonexpansive mappings (i.e., mappings T : K → K such that all n ≥ 1 and for all x, y ∈ K, then T is said to be uniformly L-Lipschitzian. A mapping T : K → K is said to be semicompact (see, e.g., [4] converges strongly to some x * ∈ K. In [5] , Xu and Ori introduced an implicit iteration process and proved weak convergence theorem for approximation of common fixed points of a finite family of nonexpansive mappings (i.e., a subclass of asymptotically nonexpansive mappings for which
In [4] , Sun modified the implicit iteration process of Xu and Ori and applied the modified averaging iteration process for the approximation of fixed points of asymptotically quasi-nonexpansive maps. If K is a nonempty closed convex subset of E, and
is N asymptotically quasi-nonexpansive self-maps of K, then for x 0 ∈ K and {α n } ∞ n=1 ⊆ (0,1), the iteration process is generated as follows:
. . .
The iteration process can be expressed in a compact form as
where
Assuming that the implicit iteration process is defined in K, Sun proved the following theorem. Theorem 1.1. Let E be a Banach space and let K be a nonempty closed convex subset of E. 
Then the implicit iteration process (1.5) converges strongly to a common fixed point of the family
{T i } N i=1 if and only if liminf n→∞ d(x n ,F) = 0, where d(x n ,F) = inf p∈F x n − p . Theorem 1.2
. Let E be a real uniformly convex Banach space and K a nonempty closed convex bounded subset of E. Let
, it follows that S t,n is a contraction map and hence has a unique fixed point x t,n in K. This implies that there exists a unique x t,n ∈ K such that
Thus the implicit iteration process (1.5) is defined in K for the family
It is our purpose in this paper to first extend Theorem 1.1 to the class of uniformly LLipschitzian asymptotically pseudocontractive mappings. The condition ∞ n=1 (a in − 1) < ∞ for all i ∈ I = {1, 2,...,N} which is equivalent to the condition ∞ n=1 u in < ∞ for all i ∈ I assumed in Theorems 1.1 and 1.2 is not imposed in our theorem. We do not want to make the general assumption that the iteration process is defined. If one assumes that the iteration process is always defined, our result will hold for even the more general class of asymptotically hemicontractive maps (i.e., mappings for which F(T) = ∅ and (1.1) holds for all x ∈ K and y ∈ F(T)). If E = H, a Hilbert space, we obtain a strong convergence theorem similar to Theorem 1.2 for the class of uniformly L-Lipschitzian asymptotically pseudocontractive maps.
In the sequel we will need the following lemma.
, and {δ n } ∞ n=1 be sequences of nonnegative real numbers satisfying the inequality a n+1 ≤ 1 + δ n a n + b n , n ≥ 1.
( 
Then the implicit iteration sequence {x n } ∞ n=1 generated by (1.5) 
exists in K and converges strongly to a common fixed point of the family {T
Proof. We will use the well-known inequality
which holds for all x, y ∈ E and for all j(x − y) ∈ J(x − y) and which was first proved in [2] . Let p ∈ F, then using (1.1), (1.5), and (1.11), we obtain
(1.12)
Observe that since lim k→∞ a ik = 1 for all i ∈ I, then there exists N 0 such that for all k > N 0 /N + 1 (i.e., for all n ≥ N 0 ), we have
..,sup k≥1 {a Nk }}. Then for all k > N 0 / N + 1 (for all n ≥ N 0 ), it follows from the last inequality in (1.12) that
Since ∞ n=1 σ n < ∞, it follows from the last equality in (1.13) and Lemma 1.3 that lim n→∞ x n − p exists so that there exists M > 0 such that x n − p ≤ M for all n ≥ 1. Consequently, we obtain from the last equality in (1.13) that
It follows from (1.14) that . It follows from (1.14) that for all n,m ≥ N and for all p ∈ F, we have
Taking infinimum over all p ∈ F, we obtain
